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Solution-Adaptive Grid Generation Using Parabolic
Partial Differential Equations

Ralph W. Noack* and Dale A. Andersont
The University of Texas at Arlington, Arlington, Texas

A solution-adaptive parabolic grid generation scheme has been developed. A new upwind finite-volume
formulation for space marching solution of the steady Euler equations is also presented. In addition, a solution-
adaptive elliptic grid scheme developed previously and applied to unsteady flow solutions is applied in the present
steady-flow context. Solutions for hypersonic flow are computed with the present finite-volume formulation
coupled to both the parabolic and elliptic adaptive grid schemes. The results show that the solution-adaptive
parabolic scheme produces grids that track the flow features of interest as well as the elliptic grid procedure. This
is significant because the parabolic procedure is much faster than an elliptic scheme producing a grid in an order

of magnitude of less computational time.

Introduction

HE task of grid generation can be described as the defini-

tion of a collection of grid points on which the solution of
some equation is to be obtained. The ‘“‘optimum’’ collection of
points is generally desired, where the exact definition of opti-
mum is open to discussion. Very little in the way of exact
guidance is available for the determination of the optimum
grid generation technique.

The search for an optimum grid will generally involve an
attempt to minimize the error in the solution. One fundamen-
tal requirement that arises when trying to minimize the error is
that the grid must be smooth. This need for smoothness natu-
rally leads to the use of Laplace’s equation as a vehicle for
generation of the grid. The popularity of the use of Laplace’s
equation’ is a direct result of the smoothness properties of
solutions of this equation along with the existence of an extre-
mum principle, which guarantees a one-to-one mapping be-
tween the physical and transformed regions. Finally, well-
established methods are available to solve Laplace’s equation.

The generation of a grid based on the solution of Laplace’s
equation can consume a large amount of computational time.
This consideration led researchers? to consider schemes based
on hyperbolic-type partial differential equations. The speed
advantage of a hyperbolic scheme over an elliptic scheme is
great because the hyperbolic generator will provide a grid in
approximately one relaxation cycle of the elliptic solver. Yet a
hyperbolic scheme has some undesirable properties. Notably,
discontinuities in the initial data are propagated into the grid.
This can lead to grid crossing or singular mappings, even
though the Jacobian is usually specified. Furthermore, the
outer boundary grid point locations cannot be specified.

The search for a scheme that combines the smoothing pro-
perty of elliptic grid equations and the efficiency of hyperbolic
grid generation equations led Nakamura? to study the use of
parabolic partial differential equations as a grid generation
method. This entails the solution of an initial value problem so
that grids can be generated by a marching procedure just as for
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hyperbolic schemes. In addition, like the elliptic equations, the
parabolic equations are diffusive in nature. This will smooth
out any discontinuities which may be in the initial data of the
grid. Finally, unlike hyperbolic schemes, parabolic schemes
allow the outer boundary grid point locations to be specified.

Regardless of the grid generation scheme used, it is impor-
tant to cluster grid points in regions of high gradients. Other-
wise important features of the flowfield can be missed, and the
accuracy of the solution is degraded. For most problems, the
solution and hence the regions where grid points should be
clustered are not known beforehand. This indicates the need
for solution-adaptive grid-generation procedures where the
grid-point distribution will evolve with the solution.

In this paper we investigate the use of a solution-adaptive
procedure in a parabolic grid-generation scheme. The steady-
state Euler equations are solved in a space marching format for
hypersonic flow about re-entry vehicles. The Euler equations
are solved in a new split-flux finite-volume formulation. A
solution-adaptive grid is generated at the body and in the
interior to improve the resolution of high gradient regions.
Results from the present formulation are compared with re-
sults from a solution-adaptive elliptic grid-generation scheme
and to solutions using nonadaptive grids.

Grid Generation Using Parabolic Differencing

The generation of grids by solving a parabolic partial differ-
ential equation was first proposed for two-dimensional grids
by Nakamura.? The method starts by considering the elliptic
grid-generation equations. These equations, in the form used
by Thomas and Middlecoff,* are

alry+ or —20rg, + ylry, +¥r,]=0 (1)
where r =x or y and

a=xI+yk v=xt+y§ B=xXy+ VeV,

and (x,y) are Cartesian coordinates and (£,7) the computa-
tional coordinates. The finite-difference equations for an ellip-
tic grid-generation algorithm are formed by approximating all
derivatives by second-order centered differences. Assuming
that A¢ = Anp =1, and using one-sided first derivatives to main-
tain diagonal dominance, the following system of equations is
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obtained
Urp o —drp +lry =B i —rpt i =i+t
=2y [+t + A=y 2
where

u=2a(l+¢%), d=2[a@+|o)+v2+ ¥

[=2a(l—9¢7)
¢~ =min(0,¢), * =max(0,9)
¥~ =min(0,y), * =max(0,¥)

where the index m is in the £ direction, and # is the index in the
7 direction (which is shown as a superscript in the usual nota-
tion for a marching problem). At this point the difference
equations are identical to those used for solving the Poisson
grid-generation equations. The set of equations could be
solved using point or line relaxation techniques. Parabolic
differencing of the elliptic grid equations arises by considering
the points at the n + 1 level to be fixed or specified. The result-
ing difference equations can be shown to be consistent with
finite-difference approximations to a parabolic partial differ-
ential equation.

Since the grid is to be marched from an inner boundary
outward, the level n — 1 points are given from initial data or a
previous marching step. Thus the fundamental problem for
the parabolic scheme is to define the method of specifying the
level n + 1 points.

The essence of the methods of Nakamura®’ and Edwards® is
that the elliptic grid generation equations given in Eq. (1) are
differenced on an unequally spaced grid in the computational
plane. With this differencing scheme, the level n + 1 points are
taken to be the outer boundary points. The unequally spaced
grid is used only to solve the grid-generation equations. The
grid generated by the scheme is used to find the solution of the
partial differential equation of interest, generally on an
equally spaced computational grid.

It should be noted that most parabolic grid-generation
schemes®*7 start from the elliptic grid-generation equations
with the grid-control functions ¢ and ¥ set equal to zero. One
exception is the work of Hodge et al.,? in which the grid-con-
trol functions are analytically specified to achieve a desired
type of clustering. In the present work, the grid-control func-
tions are included and based on the solution to provide a
solution-adaptive grid.

Method Using Local Reference Grid

A variation of the parabolic grid-generation method of
Nakamura was developed by Noack’ and has been utilized in
space marching solutions to the Euler equations.”® In this
method the elliptic grid-generation equations are differenced
on a uniformly spaced grid in the computational plane. Thus
the difference equations for the method are identical to the
elliptic difference equations given by Eq. (2). The equations
are parabolized by first generating a local reference grid at the
level n and n + 1 lines. This local reference grid is generated by
a hyperbolic/algebraic scheme, which will be described later.
The elliptic difference equations are parabolized by setting the
r2*+1 grid points equal to the corresponding 7 + 1 value in the
local reference grid. The nonlinear terms «, 3, and v are eval-
uated from the grid points in the local reference grid.

The local reference grid is regenerated at each marching step
based upon the line of data at the n —1 level and the outer
boundary. If the reference grid is clustered and orthogonal,
then the resulting grid generated by the parabolic scheme will
be clustered and nearly orthogonal. This can be seen quite
easily as the method can be viewed as applying a Laplacian
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smoothing function to the level n points with the n —1 and
n +1 points fixed. Thus the new level n line of grid points
obtained from the tridiagonal system of equations given by
Eq. (2) will be in the neighborhood bound by the previous line
of points (level n — 1) and the reference grid points at the n + 1
level.

The scheme used to generate the local reference grid is a
combination of an explicit hyperbolic grid-generation method
and simple interpolation. The technique described herein will
be very similar to that described in Ref. 7. However, the devel-
opment will begin from a slightly different viewpoint.

We first consider the following set of equations obtained by
specifying the Jacobian and a measure of the orthogonality of
the mesh

Xeyy—XpVe =3 3

XpXe+ypye =8 Q)

This is the equation set that Steger and Chaussee? solved using
an implicit scheme for the standard hyperbolic grid-generation
scheme. Choosing the 5 direction to be the marching direction
and solving for x,, y, we obtain

XB—y:.
X ="y
Xg + Vi

_YiB+xd
ToxEyE

)

The Jacobian and the orthogonality measure can also be writ-
ten

§=_8,9; sind; B8=8,9; cosé ©6)
in which
8, =VxZ+y} Ne=vVxZ+y} %)

where 8 is the arc length along a £ = const coordinate arc, 9
the arc length along an 7 =const coordinate arc, and 6 the
angle between the two coordinate lines. For an orthogonal grid
8=x/2, §=8,M;, and §=0. Thus Eqgs. (5) reduce to the fol-
lowing explicit hyperbolic grid-generation equations

_yESn . XES,,

=1 =l 8
MR I ?

The arc length derivative in the marching direction 8, is now
written as

$,=ASR ©

where R is the distance between the point m,n —1 and the
outer boundary point m, NMAX. The A is a parameter used
to control the grid spacing in the 5 direction and is given in
terms of a clustering function

A5 = - Sn Snjl (1 0)
SNMAX ™~ Sn-1

The function 5 is the desired normalized distribution of arc
length along the £ = const arc. For a nonadaptive grid scheme,
this distribution is specified analytically. The specification for
an adaptive grid scheme will be discussed in a subsequent
section.

Finally a grid point (x3 ,,7 ), Which is orthogonal to the
n —1 line of points, is found by differencing Eq. (8) with

0

Xy =Xmn —Xmn—13 Xe=Xmeln—1""Xm—1,n-1

Yo =Yon = Vmn-15 Ye=Ym+in—1—Ym-Ln1

and solving for grid point x5, .73, ,-
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It is not always possible to have a completely orthogonal
grid given the inner and outer boundary points. Therefore the
reference point is switched or relaxed from the point along the
orthogonal line near the body to the interpolated point as the
grid is marched toward the shock. This allows a body normal
grid to meet exactly the specified outer boundary. A point
which is interpolated between the n —1 point and the NMAX
point is given by

i

xm,n =xm,n—] +A§(xm,NMAX—xm,n—l) (lla)
Vin =Ymn-1+ AS0mNMAX = Ym,n—1) (11b)

Thus the local reference grid points are given by
Xomn = €Xm n + (1 — €)X, (12a)

Ym,n =€syrin,n +(1 —fs)yr?z,n (12b)

where ¢ is a switching function that varies from zero at the
body to unity at the shock.

Arc Equidistribution Concept

Since the parabolic grid-generation scheme starts from the
elliptic grid-generation equations, we first review an adaptive
procedure previously developed for the elliptic equations.!?
The extension to a parabolic scheme will then follow.

The concept of equidistribution is often utilized as the start-
ing point for the development of a solution-adaptive grid-gen-
eration procedure. A one-dimensional equidistribution law
can be written as

8, w=C 13)

Here 8 is the arc length in physical space, 3 the computational
coordinate, w; a weight function that is taken to depend on the
solution of the equations of interest, and Cis a constant. If the
equidistribution law is differentiated with respect to the com-
putational coordinate 7, the result is

8,y +¥8,=0 (14a)
- 1 Bw;

=22 14b
v . (14b)

This second-order partial-differential equation is used in the
present effort to provide an adaptive distribution of points
along computational coordinate curves such as the body sur-
face. We difference Eq. (14a) with second-order centered dif-
ferences for the second derivative and first-order differences
for the first derivative. We choose a forward first difference if
¥ >0 and a backward first difference if ¥ <0. The difference
equation yields the following recursion formula for the arc
length at the grid point n.

8= ﬁAS,-, AS8;=8;~8;_, (15a)
i=1

AS;=A8 (1+ %)) if <0 (15b)

AS;=AS;_/(+ i) if §;>0 (150)

Solution-Adaptive Procedure
for the Elliptic Equations
Anderson et al.!? showed that the grid-control functions in
the elliptic grid-generation equations given by Eq. (1) can be
related to arc equidistribution. The elliptic grid-generation
equations when rewritten with arc length along coordinate
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curves as dependent variables are,'? for example, for constant
£ arcs

Sy + ¥8,=0 (16)

where

peIl,

¥ =9+ (v,—2p,) cot (v M)+57, Sin (=) Qa7n
Here $ is the arc length along the constant £ arc, 9 the arc
length along the constant n arc, » the angle between the
£ =const coordinate line and the x axis, and p the angle be-
tween the 7= const coordinate line and the x axis. For a grid
which is orthogonal and without curvature, the grid-control
function reduces to ¥ =y and can be easily identified with the
weight function. Thus with ¢ specified in terms of weight
functions, for moderate curvature and approximately orthog-
onal grid lines, the result will be a grid based on arc equidistri-
bution. Similar arguments can be applied to the other coordi-
nate direction. The desired grid-control functions then are

1 ow 1 aw
o YTwa (18)
2

wy a1
Thus for grid-generation schemes based on the Poisson
equations, a solution-adaptive procedure is easily implemented
by evaluating the grid-control functions based on the weight
functions as indicated in Eq. (18). Anderson et al.!” present
results for time marching solutions using this formulation. In
the present investigation, we will present results comparing
grids generated with this adaptive elliptic scheme and the pre-
sent adaptive parabolic scheme for use in the space marching
solution of the steady Euler equations.

Solution-Adaptive Parabolic Grid Procedure

The parabolic grid-generation procedure of Ref. 7 can be
easily adapted to provide solution-adaptive grids. This is ac-
complished by first parabolizing the Poisson grid equations
instead of Laplace’s equations. The grid-control functions are
related to the weight functions by Eq. (18), just as for the
elliptic adaptive procedure. With the local reference grid ap-
proach to parabolizing the elliptic grid equations, it is the local
reference grid which most directly controls the clustering of the
grid. Thus for a solution-adaptive parabolic procedure, the
spacing on the local reference grid is based on weight func-
tions.

As discussed in a preceding section, the spacing in the g
direction on the local reference grid is controlled by the arc
length derivative 8,. Solution-adaptive spacing could easily be
achieved by solving the equidistribution law given by Eq. (13)
for the arc length derivative 8,=C/w;. This is not used be-
cause the constant C is unknown. We therefore specify the arc
length derivative by Eq. (9) just as for the nonadaptive scheme.
The desired arc-length distribution § is set equal to the arc-
length distribution 8 obtained by solving the equidistribution
law in finite-difference form. The finite difference representa-
tion of Eq. (13) could be used since normalizing the arc length
distribution removes the dependence on the constant. In order
to be consistent with the elliptic equations, we choose to use
the second-order partial differential equation form of the
equidistribution law given by Eqs. (14). The finite-difference
approximation to this equation is given by Eqs. (15). Thus the
desired arc-length distribution § is given by Eqgs. (15), and the
grid-control function ¥ given by Eq. (18) is used in place of the
function y.

The spacing in the £ direction on the local reference grid is
controlled primarily by the spacing along the initial data line,
which is the body. Hence it is important that a solution-adap-
tive procedure be used to determine the placement of grid
points on the body. The preceding arc equidistribution method
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is used in the present study. The arc-length distribution 91
along the body is given by Eqs. (15) with 91 replacing $ and ¢
given by Eq. (18) replacing ¥.

Weight Function

The weight functions used in the present study are a combi-
nation of first derivatives and the curvature of the solution
variable:

[fon]

w; = 1+C1|lf,,| +Cyy ‘—'~'_“(1 +};’2)3/2 (193)
e |

wy=1-+cylf] +cn A" Y0 (19b)

where the solution is adapted to the solution variable f. For the
present study, the solution is adapted to the static pressure.
The parameters ¢,,,¢;5,¢21,C22 are constants used to control the
amount of adaption.

Additional Procedures

The adaptive parabolic and elliptic grid schemes described in
preceding sections will generate qualitatively pleasing adaptive
grids for static test cases. However, difficulties were encoun-
tered when the adaptive schemes were used in the solution of
the Euler equations where the grid is coupled to the solution.
This is because the adaptive grid changes rapidly as shocks
develop and propagate into the flowfield. This rapid move-
ment of the grid causes the flowfield solution scheme to be-
come unstable. Several different procedures were implemented
to control the movement of the grid and to stabilize the solu-
tion scheme.

A smoothing operator is applied at various stages in the
generation of the adaptive grid. This smoothing is required for
several reasons. The first is that numerical approximations to
derivatives are required at several points in the adaptive proce-
dure. Smoothing the derivatives will reduce the high-frequency
variations in the derivatives, which can occur because of the
numerical approximations. In addition we wish to track gen-
eral flow features and not transient spikes, which may occur
due to errors introduced by the numerical scheme.

A smoothing operator!! is applied as follows.

For one-dimension, such as at the body:
~. w.,
J=f +"if§g (20a)
For two-dimensions, such as in the interior:
- Wy
J=r+ 3 e+ /o) (20b)

where fis the function to be smoothed and w, is the smoothing
parameter. Multiple passes of the smoothing operator are also
used. The smoothing is applied to the pressure before the
weight functions are calculated from Egs. (19). The weight
functions are then smoothed before the grid-control functions
are obtained from Eq. (18). Finally, the grid-control functions
are smoothed before use in Egs. (2) and (15).

The actual rate of change of the grid from one marching
location to the next is controlled by under-relaxing the change
in the grid-control functions ¢ and y. This is required to pre-
vent the grid from moving too rapidly in response to regions
with shocks, which develop as the solution is marched down-
stream. In the present study we use

Y=yt oMY @1

where y/*! is the new value of the grid-control function, ¥/ the
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value from the previous grid plane, and w, a relaxation param-
eter. A typical value of the relaxation parameter is w, =0.05.
The change Ay from one step to the next is limited as follows

A¢=nme§whu+W“LW“—¢> 2)

where Y., is the maximum value of §'*! over the whole grid.
The y/*! is the grid-control function given by Eq. (18), and ¢/
is the grid-control function from the previous plane of data.

From Eqgs. (15) we see that grid-control functions are related
to the ratio of two adjacent arc increments. Thus limiting the
grid-control function will limit how rapidly the mesh can
stretch in each coordinate direction. This is desirable as large
variations in the grid point spacing can degrade the solution
accuracy. It was also found that setting limits on the magni-
tude of the grid-control functions increased the stability of the
whole solution procedure. The present study limited both ¢
and ¢ in magnitude to less than 0.2.

Finally, the adaption-control parameters ¢y, ¢p3, €31, €, are
allowed to vary linearly with the 5 coordinate. This was added
as a result of the observation that the grid tended to cluster to
the strongest shocks, which for the cases investigated were at
the body. This removed grid points from the regions with
weaker shocks such as the outer bow shock. It was found that
significantly higher adaption parameters could be used away
from the body. Thus the control parameters in the computed
results were typically six times greater at the outer boundary
than at the body. This significantly improved the adaption to
the outer bow shock and maintained a stable scheme.

Flowfield Solution Methodology
The steady, three-dimensional Euler equations representing
conservation of mass and momentum with a Cartesian-base
coordinate system, after transforming to the computational
space (£,1,{), can be written in the strong conservation law
form as

dE 3F 3G
— —4—=0 23
& 9t I @
where
E=9E (24a)
F=(E+§F+EG (24b)
G =n.E +7.F +1,G (24¢)

E, =3¢ §,=0¢; £=0f
ne=3ny; my=0ny; 7,=0n, 25)

where 3 = x;y,, — y:X, is the Jacobian of the inverse tranforma-
tion. In additon, g = (po,pu, pv, pw) is the usual vector of con-
served variables and the fluxes are E, F, G. The condition that
the total enthalpy is a constant is used in place of the energy
equation. The assumption of a perfect gas is also made. In
addition the velocity in the z direction, w, is assumed to be
greater than the local acoustic speed.

It is well known that global conservation might be violated
by finite-difference schemes for the strong conservation form
of transformed partial differential equations for cases with
time-dependent transformations. Thomas and Lombard!? de-
veloped a geometric conservation law (GCL), which must be
solved together with the partial differential equations of inter-
est in order to overcome this problem. For an adaptive grid,
the transformation will be changing rapidly as the solution
progresses. Attempting to solve the finite-difference represen-
tation of the partial differential equations with an adaptive
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grid without regard for geometric conservation will introduce
large errors in the solution. In the present study, we found that
the grid will adapt to these errors and further degrade the
solution.

Hindman'? showed that by casting the equations in either
the chain rule or the weak conservation form, the solution of
a GCL is not required. The weak conservation form of the
steady Euler equations was solved in Ref. 9 for cases where the
changing geometry induced grid motion. The present research
effort quickly pointed out several weaknesses in using the weak
conservation form of the governing equations and in solving
the GCL to maintain global conservation.

Thomas and Lombard state that the GCL should be differ-
enced with the same scheme as used to solve the flow conserva-
tion laws.!> When the flow is solved with a simple scheme this
can be done quite easily. However, it is not at all obvious how
to difference the GCL when a split scheme is used to solve the
flow equations.

The weak conservation law form of the governing equations
will conserve mass, etc., only if the metrics do not vary. Thus
solutions of the weak form of the flow conservation laws will
not properly capture shocks for an adaptive grid as the metrics
will be changing because of the adaption. This was found to
result in the shock being located in different positions when the
amount of adaption was changed.

Because of these difficulties, the finite-difference scheme for
Eq. (23) was abandoned, and a new code was developed based
on the finite-volume formulation. Although written as a dif-
ferential equation, Eq. (23) can be interpreted as representing
the flux balance over a control volume of the conserved quan-
tities. As we are solving the steady form of the equations, the
unsteady term representing the accumulation of mass, etc., in
the volume is not needed.

The metric terms given by Eqgs. (25) represent the directed
areas of each cell face. The directed areas are calculated as half
the vector cross product of the two diagonal vectors joining the
four vertex points defining a cell interface.'* An axis normal
grid is assumed so that the solution is marched in planes per-
pendicular to the z axis. Figure 1 presents a schematic of the
grid and control volume along with the fluxes at each face. The
vertices of the cell face at each axis normal plane are chosen to
be at the centroid of the four neighboring grid points. Thus the
centroid of the {=const cell faces will be approximately at a
grid point.

A flux vector splitting technique is used as the basis for an
upwind algorithm. Matus!’ also utilized a flux-split method in
space marching solutions to steady Euler equations where the
fluxes were split according to the sign of the eigenvalues of the
steady Euler equations. In the present effort, the fluxes of the
steady equations are split according to the signs of eigenvalues
of the unsteady Euler equations. This splitting technique was
used successfully in the finite-difference solution of the steady
Euler equations for hypersonic flow about complex ge-

@ grid points

maii

Fig.1 Schematic of volume, grid, and face fluxes.
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ometries.? Splitting the fluxes of the steady-flow equation in
this manner is valid as the eigenvalues of the steady equations
will be of the same sign as the eigenvalues of the unsteady
equations.®

Several methods exist for splitting the fluxes at the cell faces.
Van Leer' developed a nonlinear splitting of the fluxes, which
has been extended to two!” and three!* dimensions. Steger and
Warming'® developed a technique that is linear in terms of the
eigenvalues. Reklis and Thomas!? present another splitting
which is, in essence, a spectral decomposition of the Steger-
Warming splitting. The present study utilizes this spectral de-
composition to split the flux into three pieces, one for each of
the three distinct eigenvalues.

The fluxes at the cell faces are split based on the eigenvalues
at the cell faces. The cell-face eigenvalues are obtained by
calculating eigenvalues on each side of the face based on the
geometric quantities at the cell faces and the conserved vari-
ables obtained from the adjacent grid point on that side of the
face. The two eigenvalues are then averaged to find the eigen-
values at the cell faces.

The solution is advanced by balancing the fluxes through the
faces of the volume. As the flow is assumed to be steady, the
time rate change of the mass, momentum, and energy within
the volume is zero. Hence the flux balance provides the flux
exiting the face at the end of the marching step. This flux is
then decoded to provide the conserved and physical variables
at the new axial location. The flux balance is given by

I+1 _ ! I+172  _ pl+1/2 1+1/2
Em,n _Em,n "[ mn+1/2 Fm,n—l/2+Gm+1/2,n
1+1/2
- Gm— 1/2,n] (26)

where / is the index in the { direction and is shown as a super-
script in the usual notation for the marching direction. The
subscripts m and n are the indices in the £ and » directions,
respectively.

The flux at the inflow axial face is formed from the con-
served variables stored at the centroid of that cell face. As
mentioned in the preceding discussion and indicated in Eq.
(26), the flux balance will provide the flux at the outflow axial
face. The half indices in Eq. (26) indicate that the crossflow
faces lie between grid points (see Fig. 1) and the quantities used
to form the fluxes on these faces must be extrapolated to the
face. The type of extrapolation scheme used determines the
character of the difference approximation to the governing
partial differential equations.

The algorithm used to approximate the flux balance can be
viewed as a finite-volume version of the Warming and Beam?
upwind version of the MacCormack scheme.?! Whitfield and
Janus? previously utilized a similar scheme in the solution of
the unsteady Euler equations.

The scheme proceeds in a predictor-corrector fashion as
follows. For the predictor step, fluxes on the cross flow faces
are

i+172  _ 1 .
Fm,n+ 1/2 "‘F(qm,n+ 1/2)5

G =G @i, @D
where the notation indicates that F},’; ,, is evaluated from the
flux formula given by Reklis and Thomas!® with the appropri-
ate cell-face areas and extrapolated conserved variables. The
fluxes are formed from the flux pieces associated with the three
distinct eigenvalues. Each piece is evaluated from the con-
served variables extrapolated in the direction appropriate for
each eigenvalue. Thus F, is formed from g extrapolated based
upon the sign of \,. The extrapolation in the 5 direction for the
predictor is

Grns12=Amns ifA=0 (28a)

Gns1/2=Gmn if A <0 (28b)

with a similar procedure for the extrapolation in the £ direc-
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tion. Once the fluxes at each face are formed, the end-face
is found from Eq. (26) and is then decoded to yield the pre-
dicted values of the conserved variables q,’,,+,,‘ at the new axial
location.

For the corrector step, the fluxes on the crossflow faces are

1 _—
F,lnfnlizm:E [F(qun,n+1/2)+F(qun+,nl+1)] (29a)

1 —
Gr1n++ll//22,n =3 [G(gm+ 12+ G (Qrin++11/2,n)] (29b)

The extrapolation in the 4 direction for the corrector is

U+ 12= A + 0 ns1 = Gmn s 2) (30a)
qﬂ+ 12= QEJ, 1 If A<O (30b)
T+ 1/2= G + 0@ = A1) (300)
gl a=alil IEA=0 (30d)

with a similar procedure for the extrapolation in the ¢ direc-
tion. Once again, the fluxes at each face are formed, the end
face flux is found from Eq. (26) and is then decoded to yield
the corrected values of the conserved variables g, at the new
axial location.

The parameter 6 controls the order of the scheme. When
0=0, a first-order scheme is obtained, and #=1 results in a
second-order scheme. Flux limiting is achieved when 6 depends
upon the solution gradients. These limiters are intended to
reduce a second-order scheme to first order in regions of steep
gradients. Examples of such limiters can be found in Ref. 17.
For the present study, unless otherwise specified, we set
6=0.1.

Boundary Conditions

The location of the outer boundary, corresponding to
7= Mmax, 1§ specified, and freestream conditions are imposed.
Thus any shocks, including the bow shock, will be captured in
the present study.

The body-boundary condition procedure extrapolates quan-
tities from the interior and enforces tangency. The pressure is
first extrapolated to the body with the following

Pl =ph + 0k —plr 31

where 8 is a parameter used to control the order of the extrap-
olation. When §=0, the zeroth order extrapolation results,
whereas §=1 gives first-order extrapolation. Difficulties were
encountered with § =1 so that the present study used §=0.1.
The density at the body is evaluated from the extrapolated
pressure and the entropy at the first grid point off the body
(n =2). The velocity components at the body are then obtained
by taking the velocity vector at the first grid point off the body,
subtracting the component normal to the body, and stretching
the magnitude so that the total enthalpy is equal to the
freestream value.

Results

The present solution-adaptive procedure is tested for hyper-
sonic flow about a two-dimensional wedge and a re-entry vehi-
cle with drag flaps. The flowfields about both vehicles contain
embedded shocks, which are to be captured by the solution
procedure. In both cases, freestream conditions are used as the
initial plane of data at the apex of the vehicle.

The first test case is a 5-deg, two-dimensional wedge. The
freestream conditions are Mach 4 and zero angle of attack.
First-order solutions for parabolic adaptive and uniform grids
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are compared to results for a second-order solution on a uni-
form grid. The weight function {given by Egs. (19)] for the
adapted grid used parameter values of ¢;; =0.1, ¢);=10 at the
body and 60 times these values at the outer boundary. The
uniform grid is shown in Fig. 2 with the grid generated with the
present solution-adaptive parabolic scheme shown in Fig. 3.
For clarity the initial portions of the grid and contour have
been omitted. The solution is marched in the z direction gener-
ating a new grid at each step with the z axis aligned with the
wedge surface. As indicated by the arrow in Figs. 2 and 3, the
freestream velocity is inclined at 5 deg to the wedge surface.
These grids are generated as (x,y) planes at each z location,
even though only a line is required for the two-dimensional
case. The adaptive grid tracks the shock well and shows signif-
icant clustering in the region of the shock. Pressure contours
for the first-order uniform and adaptive grids are also shown
in Figs. 2 and 3. A comparison of the pressure profile at the
last marching step is shown in Fig. 4. Comparing the first-or-
der solutions with and without the adaptive grid shows that the
adaptive grid significantly reduces the width of the shock. The
captured shock in the first-order adaptive solutions is as sharp
as the second-order solution on a uniform grid. The oscilla-
tions resulting from the dispersion of the second-order scheme
cause the shock to extend over a wider region in comparison
with the monotone, first-order adaptive results. These results
show that by using a solution-adaptive grid, first-order
schemes can produce monotone solutions with the resolution
of second-order solutions.

The present solution-adaptive procedure bases the weight
functions and grid-control function upon differences on the
computational domain. A similar formulation can be derived
based upon derivatives in the physical plane. We use the pre-
sent approach because the solution and hence its derivatives in
the computational plane will always be bounded. This is not
true for the latter approach. Even though the change between
two points is bounded, the derivative in the physical plane will
increase unboundedly as the physical spacing is decreased.
Some method is required to prevent the grid from collapsing to
zero spacing. A disadvantage of the present scheme is that the
adaptive grid expands with the physical domain. This is readily
apparent in Fig. 2.

The final test case is Mach 10 flow about a 6-deg, sharp-
cone re-entry vehicle, that has two drag flaps deployed at a
deflection of 15 deg from the vehicle centerline. The flow is
assumed to be symmetric about the pitch plane. The geometry
is shown in Fig. 5. Radii have been used to round the sharp
corners and fillet regions of the flap. Figures 6-8 present grids
generated using the present method for parabolic adaptive,
elliptic-adaptive, and parabolic without adaption along with
the pressure contours for the solution on the grids. The solu-
tions were calculated on the half plane with the assumption of

pressure contours

z
Fig.2 Pressure contours and equally spaced grid for two-dimen-
sional wedge.
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Fig. 3 Pressure contours and adaptive parabolic grid for two-dimen-
sional wedge.
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Fig. 4 Comparison of pressure profile for two-dimensional wedge.

symmetry about the pitch plane. The solutions also are sym-
metric about the yaw plane. The figures also show a magnified
view of the grid and contours in the region of the flap. The
adaptive-parabolic whereas elliptic schemes cluster the grid
significantly in the regions of the captured shocks. The para-
bolic grids are body normal, whereas the elliptic grid has
pulled away from the concave corner. The grid generated with
the elliptic scheme does provide somewhat tighter adaption to
the shocks except in the concave region. The pressure profiles
at the flap centerline are presented in Fig. 9 for solutions using
the adaptive parabolic, adaptive elliptic, and nonadaptive par-
abolic grid schemes. The improved prediction of the shocks
with the adaptive grid schemes is readily apparent. The inner
flap shock is significantly stronger than the outer bow shock,
and the clustering is predominantly in the flap-shock region.
The smearing of the outer bow shock is evident indicating the
need for tighter adaption to this weaker shock. The variation
of the adaption parameters radially improves the adaption to
the bow shock but is still insufficient. The sharpness of the
shock for the adaptive grids demonstrates the improved results
in comparison with the nonadaptive grid. The parabolic adap-
tive grid also improves the resolution of the shock in the fillet
region over the elliptic adaptive grid as shown by the pressure
contours.

ATAA JOURNAL

side view

top view

Fig. 5 Re-entry vehicle geometry.
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Fig. 7 Pressure contours and adaptive elliptic grid.

The results presented in this paper were computed on an
Alliant FX-8 with four processors. This is a vector-parallel
machine whose compiler automatically recognizes vector and
concurrent loops. The present code contains no machine-spe-
cific code and was written so that the Alliant compiler would
take maximum advantage of the machine architecture. For
comparison purposes, the present code executes approx-
imately 4.5 times faster on a single processor Cray XMP. The
approximate execution time on the Alliant for a solution with-
the parabolic scheme without adaption was 0.51 s/marching
step for a 61 % 31 grid. The time for the parabolic scheme with
adaption is 0.66 s/step. Approximately one-third of the execu-
tion time is used in generating the parabolic grid. For the
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Fig. 8 Pressure contours and parabolic grid without adaption.
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Fig. 9 Comparison of pressure profile at flap centerline.

elliptic grid solutions, the execution time was approximately
22 s/marching step. The elliptic equations are solved with
point relaxation for a fixed relaxation parameter of 1.7.

Conclusions

A previously developed parabolic grid-generation scheme
has been extended to generate solution-adaptive grids. A new
upwind finite-volume method has been described for the space
marching solution of the steady Euler equations. The adaptive
parabolic grid scheme is used with this finite-volume code to
predict the hypersonic flow about two geometries. An adap-
tive elliptic grid scheme developed previously and applied to
unsteady flow solutions is also used in the present steady-flow
simulation. The grid is adapted to the captured embedded
shocks.

The present solution-adaptive parabolic formulation pro-
duces grids which track the flow features of interest as well as
the elliptic grid procedure. The parabolic procedure is signifi-
cantly faster than the elliptic scheme producing a grid in an
order of magnitude of less computational time. It was found
that use of an adaptive grid provides the potential to capture
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shocks with a first-order scheme as sharply as a second-order
scheme on a uniform grid.
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